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1. WORK IS NOT AN OBSERVABLE hW i =
Z

p(W )WdW
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Experimentally measured in simple quantum systems

NMR setting Driven oscillator
(trapped ion) Ultracold atomBatalhão et al. PRL (2014)  

S. An et al. Nat. Phys. (2015) F. Cerisola et al. Nat. Comm. 
(2017) 
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Work requires two projective measurements J. Kurchan ArXiv:0007360 
P. Talkner, E. Lutz, P. Hänggi PRE (2007) 
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2. A DYNAMICAL APPROACH TO WORK

Recast the characteristic function of the work distribution 
function as a Loschmidt echo amplitude 
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Silva PRL (2008) 

H(t) = H0 ⇥(�t)�H⌧ ⇥(t),
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Sudden Quench

AC, I. Egusquiza, J. Molina-Vilaplana, A. del Campo, Sci. Rep. 8:12634 (2018)
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rotating the spins into a quantization axis. This was the proposal of the Magic Echo procedure, implemented by
Won-Kyu Rhim, Alex Pines and John Stewart Waugh in the seventies. Substantially simpler is the Polarization
Echo sequence, implemented by Richard Ernst and collaborators in the nineties. In this last case the initial
state has a local nature as it is labeled by the presence of a rare 13C which plays the role of a local probe to
inject and later on detect the polarization of a nearby 1H immersed in a 1H network.

This idea was further exploited by Patricia Levstein, Horacio Pastawski and Gonzalo Usaj to test the
stability of many-body dynamics. They suggested that the inefficiency of the time-reversal procedure found in
all the previous experiments has a connection with quantum chaos and the inherent dynamical complexity of
the many-body spin system.

1.2 Definition

Refs. [Pere 84, Jala 01]

The Loschmidt echo is defined as

M(t) =
∣∣∣⟨ψ0|eiH2t/!e−iH1t/!|ψ0⟩

∣∣∣
2

(1)

where

• |ψ0⟩ is the state of the system at time 0

• H1 is the Hamiltonian governing the forward evolution

• H2 is the Hamiltonian governing the backward evolution

• t is the instant at which the reversal takes place

Figure 1: Schematic flow of the time-evolution for (a) the Loschmidt echo and (b) the fidelity.

The time evolution appearing in Eq. (1) is schematically represented in Fig. 1(a), where the Loschmidt echo
quantifies the degree of irreversibility. Alternatively, Eq. (1) can be interpreted as the overlap at time t of two
states evolved from |ψ0⟩ under the action of the Hamiltonian operators H1 and H2. In this case the Loschmidt
echo is a measure of the sensitivity of quantum evolution to perturbations. The quantity M(t) interpreted in
this manner is illustrated in Fig. 1(b) and is usually referred to as fidelity. The equivalence between Loschmidt
echo and fidelity is displayed in Fig. 2 for the example of an initially localized wave-packet in a Lorentz gas.
The probability density of the evolved state under H1 (H2) is plotted in Fig. 2 (b) (c), while Fig. 2(d) presents
the state resulting from the combined evolution H1 and then −H2 both for a time t. The overlap squared
between the states (a) and (d) defines the Loschmidt echo, while the overlap squared between the states (b)
and (c) defines the fidelity. It is important to remark that even though the probability density distributions
in figures (b) and (c) are seemingly identical, the phase randomization due to the difference between the two
Hamiltonians leads to a weak Loschmidt echo.

The definition given by Eq. (1) assumes that the Hamiltonian operators H1 and H2 are independent of time.
A generalization to the case of time dependent Hamiltonians is straightforward. The case of non-Hermitian
operators H1 and H2 can also be considered, but in such a case the equivalence between the Loschmidt echo
and fidelity would not hold.
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LOSCHMIDT ECHO AND WORK FLUCTUATIONS
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A measure of irreversibility Josef Loschmidt (1821 - 1895)
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3. INFORMATION SCRAMBLING

Thermofield double field: purified thermal state
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del Campo et al.  
PRD (2018) 
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Loschmidt echo from analytical continuation of the partition function

The TDF is dual to an eternal BH
(Maldacena 2003) 

Lectures on Gravity and Entanglement, 
M. Van Raamsdonket (2015) 

CFT AdS
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WORK STATISTICS
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AC, I. Egusquiza, J. Molina-Vilaplana, A. del Campo, Sci. Rep. 8:12634 (2018)

LOSCHMIDT ECHO
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WORK STATISTICS OF CHAOTIC QUANTUM SYSTEMS

AC, J. Molina-Vilaplana, A. del Campo, Quantum 3:127 (2019)
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CHAOTIC SYSTEMS AS PARADIGMATIC COMPLEX SYSTEMS

Classical chaos

Non-chaotic

P(s) : the pdf of the spacing s 
between the two consecutive energy 
levels.

1 INTRODUCTION

1 Introduction
A random matrix is a matrix some or all of whose elements are random variables, drawn

from a probability distribution. Random matrix theory is a branch of mathematics but it
is also applied to describe numerous physical systems, some of which we will discuss here.

Random matrices were first used in the early 1900’s in the study of the statistics of
population characteristics by Wishart [1] (for example, the analysis of correlations between
pairs of features of the population, say height and income..., were set in matricial form).
More details on these applications can be found in [2]. (This paper was published in a
journal called Biometrika, devoted to the statistical studies of the physical traits of living
organisms. If you are interested in history, have a look at the role played by some of the
articles published in this journal in what is called scientific racism.)

Figure 1.1: This figure and caption were copied from Mehta’s book [4].

The upsurge of physicists’ interest in Random Matrix Theory came with its very suc-
cessful application in the theory of heavy nuclei. Take Uranium. It is an atom with 92
protons, 92 electrons, and common isotopes have more than 140 neutrons. Its nucleus is
definitely very heavy, with over 200 protons and neutrons, each subject to and contribut-
ing to complex forces. If we completely understood the theory of the nucleus, we could
predict all the energy levels of the spectrum; this, of course is not feasible.

Some insights into the nuclear structure of heavy nuclei were obtained with scattering
experiments that consist in shooting neutrons (or protons) into the nucleus. The large

3

1 INTRODUCTION

numbers of energy levels of the nuclei appear in experimental data as peaks of the diffusion
rate of the neutrons as a function of the energy, see Fig. 1.1. In the 50s data of this kind
called the attention of theoreticians who tried to understand not really the low lying levels
but the structure of the high energy spectra.

Since it appears to be impossible to derive the spectra of heavy nuclei one by one in
full detail, the paradigm changed completely and the “revolutionary” idea put forward
by Wigner and Dyson, mainly, was to construct a statistical theory of energy levels. In
Dyson’s words: “such theory will not predict the detailed sequence of levels in any one
nucleus, but it will describe the general appearance and the degree of irregularity of the
level structure that is expected to occur in any nucleus which is too complicated to be
understood in detail.” More still, the idea is

to develop a “new kind of statistical mechanics in which we renounce exact knowledge
not of the state of a system but of the nature of the system itself. We picture a complex
nucleus as a "black box" in which a large number of particles are interacting according
to unknown laws. The problem is then to define in a mathematically precise way an
ensemble of systems in which all possible laws of interaction are equally probable”.

This is the program initiated by Wigner [3] in the 50s. Since the overall energy scale is set
by details of the nucleus at hand, the most generic or universal question to ask is what is
the statistics of the separations between adjacent energy levels on a scale small compared
to the energy. This is the level spacing statistics. The main and quite surprising content
of this approach is that the statistical properties of the level statistics is related to the
one between eigenvalues of conveniently chosen random matrices.

Figure 1.2: Left: the Poisson and Wigner distribution functions for the level spacings (the
parameter β distinguished different random matrix ensembles). Figure taken from [5] Right:
experimental data for the 108 level spacings in 166Er (Erbium) favourably compared to the one
of the Gaussian Orthogonal Ensemble and unfavourably compared a Poisson distribution.

4

Random matrices and quantum chaos
T. Kriecherbauer, J. Marklof, and A. Soshnikov
PNAS 98 (19) 10531-10532 (2001).
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RANDOM MATRICES THEORY (RMT) 

John Wishart

Random Matrices (1928)

Eugene Paul Wigner
Random Matrices

Ensembles of Hamiltonian (1955)

Freeman Dyson
Ensembles of Hamiltonian
GOE，GUE，GSE (1962)

Independent 
Entries

Rotational 
InvarianceGAUSSIAN 

ENSEMBLES

𝜌[M] = 𝜌[UMU−1]

M U

GOE Real symmetric Orthogonal

GUE Complex hermitian Unitary

GSE Quaternion selfdual Symplectic
Gaussian Unitary Ensembles (GUE)

Wigner’s Semicircle
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RANDOM MATRICES THEORY (RMT) 

Complex 
open quantum 
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Work statistics

Majorana 
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WORK STATISTICS IN CHAOTIC QUANTUM SYSTEMS 1/2
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Work PDF

Characteristic function

See related work: 
RMT large N asymptotics: M. Łobejko, J. Łuczka, P. Talkner PRE 95, 052137 (2017)  
Disordered many-body systems: Y Zheng and D. Poletti, arXiv:1806.02555
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Sudden Quench
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WORK STATISTICS 2/2: MEAN AND FLUCTUATIONS
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LOSCHMIDT ECHO IN CHAOTIC QUANTUM SYSTEMS
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Dependence on the spectral form factor illustrates the 
importance of correlations between energy eigenvalues

GUE spectral form factor
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Figure 2. A log-log plot of g(t;β = 5) against time for GUE random matrices, dimension L = 212.
A dip, ramp and plateau structure similar to figure 1 is apparent.

In figure 2 we present g(t;β = 5) for the GUE ensemble of matrices of rank LRMT = 212,

computed numerically, with a normalization such that the eigenvalues typically lie in the

range −2 < λ < 2 (see (5.1)). At β = 0 the height of the plateau is of order 1/LRMT and

the plateau time is at t of order LRMT, the inverse mean level spacing.

Note the similarity between the RMT result and the SYK result, and in particular

the presence of the ramp and the plateau. We will argue that the late-time behavior of

the spectral form factor in SYK can be explained by random matrix theory. The early

time behavior of RMT differs from SYK, although it is not obvious from the plots. The

typical eigenvalue density has different dependence on energy in the two systems, which

leads to somewhat different initial decays. Moreover, at early times RMT is governed by

a perturbative expansion in 1/L, while SYK is governed by an expansion in 1/N . On the

other hand, at times well beyond the dip, g(t) is determined by eigenvalue correlations on

scales much smaller than the total width of the spectrum, and there one expects to find

agreement between SYK and RMT.

What is the physical origin of the ramp in RMT? Eigenvalues of generic matrices

repel, so near degeneracies are extremely unlikely. This causes the plateau. The time

of onset of the plateau is determined by the scale of near neighbor eigenvalue spacings.

The ramp, though, is due to the repulsion between eigenvalues that are far apart in the

spectrum. This repulsion, when balanced against the effects that keep the energy finite,

gives rise to a very rigid eigenvalue structure. This phenomenon is referred to as long-range

spectral rigidity [36, 40, 41]. More quantitatively, if δEn denotes the deviation of an energy

from its average value, then at leading order ⟨δEnδEm⟩ ∼ log |n −m|. For comparison, if

the eigenvalues formed a one dimensional crystal with harmonic near neighbor interactions,

then ⟨δEnδEm⟩ ∼ |n−m|, a much less rigid behavior [36, 40, 41]. The log |n−m| form, after

suitable processing we will discuss below, accounts for the linear behavior of the ramp. The

ramp lies below the plateau because repulsion causes the eigenvalues to be anticorrelated.

– 8 –

Black holes and random matrices 
J. S. Cotler et al., JHEP (2017)
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